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Abstract

We study a 1-dimensional discrete signal denoising problem that consists of mini-
mizing a sum of separable convex fidelity terms and convex regularization terms, the
latter penalize the differences of adjacent signal values. This problem generalizes the
total variation regularization problem. We provide here a unified approach to solve
the problem for general convex fidelity and regularization functions that is based on
the Karush—Kuhn—-Tucker optimality conditions. This approach is shown here to lead
to a fast algorithm for the problem with general convex fidelity and regularization
functions, and a faster algorithm if, in addition, the fidelity functions are differentiable
and the regularization functions are strictly convex. Both algorithms achieve the best
theoretical worst case complexity over existing algorithms for the classes of objective
functions studied here. Also in practice, our C++ implementation of the method is
considerably faster than popular C++ nonlinear optimization solvers for the problem.

Mathematics Subject Classification 90-08 - 90-10 - 90C25 - 90C30 - 90C46 - 49MOS5 -
65K05

1 Introduction

The problem addressed here is the 1-dimensional discrete signal denoising problem
which is formulated as:

n—1

(ID-Denoise) min >, fi(xi) + D hi(xi = xit1). (1)

i=1 i=1
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Here the x;’s are the denoised values over a 1-dimensional discrete signal. Each f; (x;)
is a convex data fidelity function that penalizes the difference between the estimated
signal value x; and an observed value. Each h; (x; — x;41) is a convex regularization
function that penalizes the difference between neighboring estimated signal values, x;
and x;1. To guarantee bounded minimum for the problem, it is assumed that all vari-
able values are within an interval [—U, U]. Note that boundedness is an unavoidable
requirement for solving general nonlinear optimization problems [12].

We present here a unified approach for solving 1D-Denoise problem (1) for two
broad classes of objective functions. In the first class, the fidelity functions f;(x;)
are convex differentiable and the regularization functions /;(x; — x;4+1) are strictly
convex. We name this class as the differentiable-strictly-convex class, or dsc-class for
short. The second class consists of both fidelity and regularization functions general
convex, and it is named here the convex-convex class, or cc-class for short. Note that
the second class is more general and contains the first class. Our unified approach,
which is based on the KKT (Karush—Kuhn-Tucker) optimality conditions, results in
an O(n log2 %) algorithm for the dsc class, the dsc-algorithm, and an 0(n? log2 %)
algorithm for the cc class, the cc-algorithm. In the complexity expressions, € refers to
the solution accuracy.

The state-of-the-art algorithm that solves the 1D-Denoise problem for the two
classes of objective functions considered here, solves a more general problem, the
Markov Random Field (MRF) problem. From a graph perspective, the 1D-Denoise
problem can be viewed as defined on a path graph consisting of n nodes {1, ..., n}
and n — 1 edges {[i, i + 11}i=1....n—1. The MRF problem generalizes the 1D-Denoise
problem in that it is not restricted to a path graph, but rather an arbitrary graph G =
(V, E) of n nodes in V and m edges in E [1,9,10]. The MRF problem is formulated
as:

(MRF) min > fit)+ D hij(xi =)
iieV (i,))€E @)
st by <x; <uj, YieV.

The fastest algorithm for MRF of general convex fidelity functions f; and convex
regularization functions 4; ; has complexity O (nm log % log %) (U = max;{u; —
£;}) [1]. The complexity model used here is the oracle unit cost complexity model
that assumes O(1) time to evaluate the function value on any argument input of
polynomial length. This complexity model has no restriction on the structure of the
convex functions. Since for the 1D-Denoise, m = n—1, applying the algorithm of [1] to
1D-Denoise yields complexity of O (n? log n log %). Other than the O (log %) factor
which our algorithm adds, it improves the complexity for the dsc-class of objective
functions as compared to the best existing algorithm by a factor of O (nlogn), and for
the cc-class of objective functions, our algorithm improves on the complexity of the
best existing algorithm by a O (logn) factor.

The paper is organized as follows. Section 1.1 reviews literature on special cases
of 1D-Denoise and the associated ad-hoc algorithms. Notations and preliminaries are
introduced in Sect. 2. We present an overview of our unified KKT approach in Sect. 3,
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followed by the discussion of the dsc-algorithm in Sect. 4 and the cc-algorithm in
Sect. 5. In Sect. 6, we present a numerically improved implementation of the KKT
approach that combines the advantages of both the dsc-algorithm and the cc-algorithm.
Numerical experimental comparison results are reported in Sect. 7. Conclusion and
future research directions are provided in Sect. 8.

1.1 Literature review

One of the most studied special cases of the 1D-Denoise problem has ¢, fidelity
functions and ¢; regularization functions, a.k.a. the total variation (TV) regularization
functions:

1 n n—1
(€2 = TV-unweighted) min — @i —a)? + A i — xiql. 3)
TS o

i=1

The suffix “-unweighted” refers to the identical coefficient A of all the regularization
terms. The use of TV-regularized terms have been shown to lead to piecewise constant
recovered signals with sharp jumps/edges. The £,-TV-unweighted model is widely
applied in signal processing, statistics, machine learning, and many fields of science
and engineering [7,17-19].

Rudin et al. in [19] first advocated the use of £; regularization in image signal
processing, and since then popularized fotal variation (TV) denoising models. In
statistics contexts £,-TV-unweighted is known as a least squares penalized regression
model with total variation penalties [18]. The use of efficient taut string algorithm for
the problem is well-known in the statistics community [3,6—8,18]. The classic taut
string algorithm solves the ¢>-TV-unweighted problem in O (n) time.

A number of other algorithms were proposed to solve £,-TV-unweighted in the
signal processing community. Condat in [4] proposed an algorithm with theoretical
complexity of O(n?) which is fast in practice with observed performance of O (n).
Johnson in [14] proposed an efficient dynamic programming algorithm with complex-
ity O (n). Kolmogorov et al. in [16] proposed a message passing algorithm framework
such that, when applied to the £,-TV-unweighted problem, has complexity O (n). Bar-
bero and Sra in [2] proposed three algorithms to solve the problem. The first one is a
Projected Newton method. It is an iterative algorithm where for this case the authors
reduce the cost of each iteration from a standard O (n*) complexity to O (n) by exploit-
ing the structure of the problem. The second one is a linearized taut string algorithm,
which they showed is equivalent to Condat’s algorithm in [4] and hence has worst case
complexity of O (n?). The third one is a hybrid taut string algorithm that combines the
advantage of the classic taut string algorithm and the proposed linearized taut string
algorithm, with complexity O (nd) for some S € (1, 2).

Some of the aforementioned algorithms can be applied to the weighted variant of
£>-TV-unweighted, namely the £,-TV-weighted problem:
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. . 1 n n—1
(€2 TV-weighted) min =3 (v —a)’+ ) cijpilvi —xipl. ()
TS o i=1

The difference between the weighted and unweighted problems is that the regularized
coefficients c; ;41 can be different for each regularization term. The classic taut string
algorithm can be easily adapted for this case while maintaining the O (n) complex-
ity [2,6]. The Projected Newton method and the linearized taut string algorithm are
adapted in [2] to solve this case as well, with no change in the respective complexities.
Kolmogorov et al.’s message passing algorithm in [16] has O (n) complexity for the
weighted case as well.

The use of absolute value (£1) loss functions in data fidelity terms is known to be
more robust to heavy-tailed noises and to the presence of outliers than the quadratic (¢>)
loss functions [11,20]. As such, the following £;-TV problem has been investigated
in the literature:

n—1

n
min Y cilxi —ail + ) il — il )
vvvvv n

i=1 i=1

€ —=TV) .

Storath et al. [20] studied an unweighted version of £1-TV, where ¢; ;41 = A forall i,
for real-valued and circle-valued data, and provided an O (n K) algorithm for K denot-
ing the number of different values in {a;};=1,..,. If the data is quantized to finitely
many levels, the algorithm’s complexity is O(n). In the worst case, this complexity
can be O(n2). Kolmogorov et al. [16] studied a generalized version of £1-TV where
each fidelity function is a convex piecewise linear function with O (1) breakpoints.
They provided two efficient algorithms of complexities O (n logn) and O (n loglogn)
respectively. Hochbaum and Lu [11] studied a further generalized version where each
fidelity function is a convex piecewise linear function with an arbitrary number of
breakpoints. They provided an O (q log n) algorithm for ¢ the total number of break-
points of the n convex piecewise linear fidelity functions. Applying Hochbaum and
Lu’s algorithm to £1-TV gives an O (nlogn) algorithm since (g = n).

The Tikhonov-regularized terms impose global smoothing over the denoised sig-
nals, rather than preserving sharp jumps/edges using the TV-regularized terms. With
£, fidelity functions the problem formulation is:

»»»»» Xn
i=1

n n—1
(£2 — Tikhonov) XImin % Zci (xi —a)* + % X;Ci,i—‘rl(xi —xis)% (6

i=
The optimal solution to £,-Tikhonov can be obtained by solving a system of linear
equations. It is easy to verify that this system of equations is a tridiagonal system of
equations (i.e., the matrix A is a tridiagonal matrix for the equations Ax = b). It is
well-known that the Thomas algorithm [5] can solve this special form of system of

linear equations in O (n) time.
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All the aforementioned special cases can be cast under the umbrella of a more
general £,—{, problem, for any p,q > I:

1 n 1nfl
L, —¢ min — i|lxi —a;|? + — i i —xiv1]9. 7
( p q) s lx,, » ch|xl a;|’ + p ch,l-‘rllxl Xig1] @)

""" i=1 i=1

Weinmann et al. [21] studied the unweighted version of £,—£, where all ¢; ;11 = A
for a fixed A value:

n—1

L A
min ;lei —a;l? +6—]Z|xi —xip1]?. ®)
i=1 i=1

X1seeesXn

Weinmann et al. solved problem (8) for manifold-valued data, which is more general
than a real line considered here, with an O (nkT) algorithm, where T is the number
of iterations in order to converge to certain stopping criterion and k is the complexity
of computation at each iteration. For the cases ¢ = 1 (TV) and ¢ = 2 (Tikhonov),
they proved that k = O(1). The convergence of their algorithm is proved in [21] but
there is no bound provided on the value of T'. In addition, it was also studied in [21]
the models where the fidelity terms and/or the regularization terms are replaced by the
Huber function [13]:

Ix2, for |x| < k
klx| — $k2,  for x| > k.

P (x) = ®

The Huber function is known to be more robust to outliers than the quadratic (€7)
functions [13]. Weinmann et al. showed that the computational complexity of every
iteration of their algorithm for Huber functions is k = O(1). In this paper, we conduct
the experimental study on two problems with Huber objective functions.

2 Notation and preliminaries

In this paper, unless specified otherwise, we do not assume any restriction on the
functions f; and h; except for convexity and adopt the same unit cost complexity
model as in [1] for MRF (2). Therefore, each function can be evaluated O (1) time
for a given input. In addition, our algorithms provide solutions to the e-accuracy of
the optimal solution, in other words, our solution has the first log % digits same as the
optimal solution.

When we consider the case where a function f is differentiable, we assume that
its derivative can be evaluated in O (1) time as well for any input. Otherwise, we can
compute the function’s gradients on the € solution accuracy granularity, where the the
left and right subgradients of function f on input x is:

fL) = (f() = f(x =€) /e,

10
Fo) = (f(x + ) — fQ)) /e (10)
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Thus both the left and right subgradients can be computed in O (1) time. The range from
the left subgradient to the right subgradient of function f at x forms the subdifferential
of fatx,df(x) =[f](x), fr(x)].

By the convexity of function f, for any x; < x, we have

L) = frlx) = fr(x2) < fr(x2). (11)

A function f(x) is said to be strictly convex if for any x; < xp and A € (0, 1):
SOxr + (I =2)x2) < Af(x1) + (1= 2) f(x2).

Given a strictly convex function f(x), for any x; < x3, the second inequality of (11)
hold strictly:

L) = frlxn) < fr(x) < fr(x2). (12)

We introduce the following subgradient-to-argument inverse operations. For a
convex function & and a given subgradient value g, we would like to compute
the maximal interval of argument z, [z, zgr], such that for any z € [z, zrl,
g € 0h(z) = [h (2), W4 (2)]. The maximality of the interval implies that z;, satis-
fies ¢ € dh(zr) and Vz < z1, h'p(2) < g; similarly, zp satisfies that ¢ € dh(zg) and
Yz > zZRr, h’L(z) > g. We denote the two inverse operations to compute z7, and zg as
7L = (Bh)zl(g) and zg = (8h);1(g) respectively. Our algorithms will use these
two inverse operations.

By the convexity of function %, for any two subgradient values g1 < g2, we have

On) ' (g1) < MR (g1) < M) '(g2) < (IR (g2).

In addition, if function 4 is strictly convex, as the subgradients are strictly increasing
(from inequalities (12)), we have (9h); ' (g) = (3h) 3 (g). In this case (3h); ' (g) =
(Bh)El (g) and we denote this value as (9h) 1 (g).

As for the complexity of the inverse operations, it is possible to find the values of
(8]1)21 (g) or (8h);1 (g) for a given g by binary search on an interval of length O (U).
This is because function % is convex, thus finding these values reduces to finding the
zeros of monotone subgradient functions. The complexity of computing a subgradient-
to-argument inverse is thus O (log %) to the e-accuracy. Note that if # has a special
structure, the complexity of the inverse can be improved to O(1). Some examples are
h being quadratic (€>) or piecewise linear with few pieces, including absolute value
(£1) functions.

2.1 An equivalent formulation of 1D-Denoise
We now present an equivalent formulation of 1D-Denoise (1). Consider each regular-

ization function &; (x; — xj+1). Since each x; is bounded in [—U, U], it follows that
X; — xj41 is bounded in the interval [-2U, 2U]. Let ¢; be the e-accurate minimizer
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of the regularization function A; in [-2U, 2U]. This can be done by binary search
over the interval [—2U, 2U], which takes time O (log %). Then we split function
hi(z;)(zi = x; — x;+1) into two convex functions, 7; ;+1(z;,i+1) and R4, (Zi+1,i):

hiiv1(zii+1) = hi(Ziiv1 +¢i) — hi(ci),
hi1,i(Zig1,i) = hi(ci — zig1,i) — hi(ci).

Without loss of generality, we have 0 € dh; (c;).!
The split functions /; ;41 and /41 ; have the following properties:

Proposition 1 The (strict) convexity of function h; implies the (strict) convexity of
Sfunctions h; j+1 and hj1 ;. Both functions h; j+1(zi i+1) and hi41,i(zi+1,;) are non-
decreasing for zii11. zis1; = O and b, 2(O), k., (0) = 0.

Proof We prove the properties for 4; ;1. The case of h;1; can be proved similarly.

If function A; is (strictly) convex, so is function h;(z; ;41 + ¢;) — h;(c;), hence by
definition, h; ;1+1(z; ;+1) is also (strictly) convex.

By definition, we have h;,i+1(2i,i+l) = h;(z,',,‘_H + ¢;). Since 0 € 0h;(c;), by
definition we have h;;L(ci) <0< h;.;R(ci). As a result, plugging z; ;+1 = 0 into
h;,H_l(Zi,iH)a we have h;,iJrl;R(O) = h;;R(c,-) > 0. Combining the convexity of
hiit1(zii+1) and k), y p(0) > 0, we have thatforany z; i11 > 0,7 ;. p(zii41) =
R i1 @iie1) = R g(0) = 0. This implies that /; j41(zi,i+1) is nondecreasing
forz; j+1 > 0. O

By splitting the regularization functions, we introduce the following equivalent
formulation of 1D-Denoise (1):

n n—1 n—1

(1D-Denoise) « }Hlin Z fiGxi) + Z hiiv1@Giiv1) + Z hiv1,i(zig1,i)
iYi=1,..n — — —
{Zii+1:zi+1ibi=1,...n—1 i=1 i=1 i=l

(13)

StXxi—Xjy1 < zjj+1tei=1...,n—1
Xigl =X <zig1,i—¢ci=1...,n—-1

i1, %1, =0i=1,....,n—1.

The formulation (13) and formulation (1) are equivalent:

Lemma 2 Formulations (1) and (13) share the same optimal solution.

Proof Let P({x;}i=1...n) be the objective value of 1D-Denoise (1) for any given
values xq, ..., x,. Let f’({zi,i+1, Zi+1.iti=1,...n—11{xi}i=1....n) be the objective value
of problem (13) such that, given the values of {x;};=1... .. the values of the z variables
are selected to minimize the objective function. Note that given x; and x;4, either

! This is also true even if ¢; attains at the boundary, —2U or 2U. If ¢; = —2U, implying that 4; is non-
decreasing in [-2U, 2U], then we can transform %; in the interval (—oo, —2U) to a decreasing function.
This transformation does not change the optimal solution to the original problem while keeping /; convex.
It also guarantees that ¢; = —2U is a global minimizer so 0 € d4; (c;). The case of ¢; = 2U is similar.
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Xi — Xj41 — ¢;j Or Xj+1 — X; + ¢; must be non-positive. Without loss of generality,
let’s assume that x; — xj41 — ¢; > 0 and thus x;+; — x; + ¢; < 0. Due to the
monotonicity of 4; ;1 and h; 1 ; on the nonnegative axis (Proposition 1), we have
Zii+1 = X; — Xj4+1 — ¢; and z;41,; = 0 being the optimal values for this given pair
of x; and x;4; that minimize the objective. Plugging these two values of z; ;41 and
Zit1,i into hj j41(z;i41) and hiq1;(zi41,;) respectively, we have h; j11(zii+1) =
hiiv1 (6 — xip1 —¢i) = hi(xi —xi41 — ¢ +¢i) — hi(ci) = hi(xj — xit1) — hi(ci),
and hj41,;(zi+1,i) = hi+1,i(0) = h;(c;) — hi(c;) = 0. Applying the above analysis to
all pairs of (x;, x;41), we have:

n—1
P({Zt i+1s Zi+1, iYizt, =1 l{xiti=1,..0) = Z fl(xl) + Zh (xi — xiy1)
i=1 i=1
n—1
=Y hile)
i=1
n—1
= P({xi}i=1...0) = ) _ hi(ci).
i=1
Since Z - h (c;) is a constant, hence solving mingyy,_, , P({xi}i=1,..n)
is equivalent to solving mingyy,_, .tz 1.z ilict . noi P({Z,,z+1, Zl+1,i}i:1 ,,,,, n—1l
{xi}i=1....n). Therefore the lemma holds. O

3 The KKT optimality conditions and overview of our approach

We illustrate the KKT optimality conditions of 1D-Denoise (13). Let the dual vari-
able for each constraint x; — x;+1 < z;;+1 + ¢; be A; ;j41; let the dual variable for
each constraint x;+1 — x; < z;4+1,; — ¢; be A;41;; let the dual variable for each con-
straint z; ;+1 > 0 be u; ;41 and let the dual variable for each constraint z;1; > 0
be w;+1,;- The KKT optimality conditions state that, ({x;"}i, {zf’iJrl,z;‘H’i},-) is
an optimal solution to 1D-Denoise (13) if and only if there exist subgradients
({f’(x;")},-, {h (@) h;+1 i (5,1 )}i), and optimal values of the dual variables
({Al i1 z+1 itis {,ul i1 Mz+1 i ) such that the following conditions hold:

AGD+27, =25, =0,
(Stationarity) 1 f/(x}) — A} Li —I—)L;.‘iiﬂ +)L;.kyl.71 )‘z+l ; =0, i=2,...,n—1
fn(x;lk) - n 1,n +)“:;,n—1 =0,
(14)
nooo (. —AF L =uf., =0, i=1,...,n—-1
(Stationarity) | "7+1 Cri1) ™ M My =00 (1)
i1 @) = A — M, =0 i=1on =1
xi*—)ci*_H Sz?‘i_,’_l +c¢, i=1,...,n—1
(Primal feasibility) x;k+1 —xl?" < z;“HJ —¢, i=1,...,n—1 (16)
Z?i+l’z;k+1 ;20 i=1,...,n—1

@ Springer



A unified approach for a 1D generalized total variation...

A A ¥ >0, i=1,....,n—1
(Dual feasibility) { L1 "L = , (17
“i,i+l’“i+l,i20’ i=1,....,n—1
* * * . * —_ P— —
(xi_xi+1_zi,i+1_C'))“i,i+1_0’ i=1,....,n—1
* * * )k — | — —
(C-5) O =X — g tedryy,; =0 i=1....n—1 (18)
ES k — ;o
Zi,i+1'““i,i+1_0’ i=1,...,n—1
Z;‘k+1,i"’b?<+l,i=0’ i=1,...,n—1

Equations (14) and (15) are stationarity conditions for x and z variables respec-
tively, inequalities (16) and (17) are primal and dual feasibility conditions for the
primal x, z variables and the dual A, u variables respectively, and equations (18) are
complementary slackness (C-S) conditions.

Our approach directly solves the above KKT optimality conditions. We derive
two key results from the KKT conditions. The first is a propagation lemma. For the
differentiable-strictly-convex class, we show that, for any value of x1, one can fol-
low the KKT conditions to uniquely determine the values of xs, ..., x,. The only
leftover condition in the list of KKT conditions for which the generated sequence
(x1, x2, ..., x,) may not satisfy, i.e., prevents the generated sequence from being
optimal, is an equation that requires » ;_, f/ (x;) equal to 0 (achieved by summing up
the equations in (14)). If not, then thanks to the convexity of f; and %; ;11, we next
have a monotonicity lemma that shows if Y ;_, f{(xi) > 0, we should search for a
smaller x;; otherwise we should search for a larger x;. Combining both the propaga-
tion lemma and the monotonicity lemma naturally yields a binary search algorithm
to the optimal x, which further leads to optimal x; to x, based on the propagation
result. This is the dsc-algorithm we shall present next. For the convex-convex class,
the propagation result is extended from a unique value to a unique range, i.e., for any
value of x1, one can follow the KKT conditions to uniquely determine the ranges of
X2, ..., X%,. Those ranges finally determine a lower bound and an upper bound for
the sum ) _7_, f/(x;). If value O is within the bounds, then x; is the optimal value.
Otherwise, we have an extended monotonicity result showing that if the lower bound
is above 0, then we should search for a smaller x;, otherwise (the upper bound is
below 0), we should search for a larger x;. By the dichotomy, the optimal value of
x1 is found. This process is then repeated from x; to x,, to find the respective optimal
values. This is the cc-algorithm we shall present in Sect. 5.

4 KKT approach for differentiable-strictly-convex class: dsc-algorithm

With convex differentiable fidelity functions and strictly convex regularization func-
tions, we show that if we fix the value of xi, then all the values of x; to x, can be
uniquely determined by the KKT optimality conditions. This is proved in the following
propagation lemma:

Lemma 3 (Propagation Lemma) Given any value of x1, the KKT optimality conditions
(14), (15), (16), (17) and (18) uniquely determine the other values of x2, . .., x,.
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Proof We prove the lemma by induction on i from 1 to n. The case of i = 1 is
trivial. Suppose the values of xp, ..., x; are uniquely determined by x; for some i
(1 <i <n — 1), we show that the value of x; is also uniquely determined.
Adding up the equations of j = 1, ..., in the stationarity conditions (14), we
have
i
DO F) = =hiis1 + Ay (19)
j=1

There are 5 different cases about Eq. (19), depending on the value of Z;Zl f J/ (x;):

L. Z, 1f (xj) > hz+1 i:r(0) = 0:
By the dual fea51b111ty cond1t10ns(17) wehaveA; j+1, Ai+1,; > 0.Hence Ajy1; >
Zl lf(x ) > 0.If Ajqp; > Z] 1f()c ), then A; ;41 > 0 as well. Thenby
the complementary slackness condltlons (18), we have x; — xj4+1 — 2ji+1 — Ci =
0 and xj+1 — x; — zi+1,; + ¢; = 0. These two equations imply that zi,,'+1 +
Zi+1,; = 0. On the other hand, by the primal feasibility conditions (16)), we have
Zii+1, Zi+1,i = 0. As a result, it must be z; ;41 = z;4+1,;, = 0. Then we plug
Zi+1,i = 0 into the stationarity condition on z;4+1; in (15), we have that there
exists a subgradient hl+1 ;(0) such that hz+1 ;0) = Aipri + i > At >
ijl fj(xj) > hi+1’i;R(0) ((i+1,i = 01is due to the dual feasibility conditions
(17)), which is a contradiction. Therefore we have A;11; = Z;Il f]f (x;) and
Aii+1 = 0. Then by the stationarity condition on z;41; in (15), we have that there
exists a subgradient h;+1 ;(Zit1,i) such that h;+1 JZigni) = Mgl F R =
Aitl,i = Zj 1f (xj) > h L 2(0). As a result, we have z;11; > 0, and this
implies that ;1 ; = Obythe complementary slackness conditions (18). And since
hit1,i(zi+1,;) 1s a strictly convex function, z;41; is thus uniquely determined by

i
Zini = @hip1) ™ Qi) = @hir) ™ [ D F1Gep)

J=1

Since A;4+1,; > 0, by the complementary slackness conditions (18), we have x; 4
is uniquely determined by the equation x; 1 = x; + Zi4+1,; — Ci.

2.0<3 Fi(xj) = hiyy (0
This case exists only if 4/ L .g(0) > 0. By the dual feasibility conditions (17),
we still have A1, A;i+1 > 0, and thus A;41; > le 1 f’(x]-) If Aig1; >
n L .z(0), we can derive the same contradiction as Case 1. As a result, it must
be 0 < ijl fjf(xj) < Aig1i < th i:z(0). Then we consider the stationarity

conditions (15) on z;41,;: h;_,_],i(zt—i-l,t) = Ait1,i + Mit1,i- If i1, > 0, then by
the complementary slackness conditions (18), we have z;+1; = 0. If 41, =0,
then hH_l J@ir1i) = dig1i < hH_1 i #(0), which still implies that z;4;; = 0
by the strict convexity of 4,41 ;. In either case, by the complementary slackness
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conditions (18) with A;4;; > 0, we have x;4| is uniquely determined by the
equation Xi 1 = X; + Zi1,i — ¢ = X; — Ci.

3. le=1 fjf(xj) =0:
In this case, we have A; ;41 = A;j41,;. If both A; ;41 and A; 4 ; are positive, then
by the complementary slackness conditions (18) on A; ;41 and ;1 ;, and the pri-
mal feasibility conditions (16) on z; ;+1 and z;11,;, we have z; j+1 = zij+1; = 0.
As aresult, x;41 = x; —¢;. If A; ;41 = Xiy1; = 0, we consider the station-
arity conditions (15) on both z; ;41 and z;41;. For z; ;4+1, we have that there
exists a subgradient 4], (z;;+1) such that hj; | (zii+1) = pii+1 > 0. If
Hiitl < h;+1’i;R(O), by the strict convexity of h; ;+1, we have z; ;41 = 0; other-
wise [ i+1 > h; L #(0), then the complementary slackness condition (18) also
implies that z; ;41 = 0. Therefore we always have z; ;41 = 0. The same analysis
shows that z;41; = 0. Then by the primal feasibility conditions (16) on x; and
Xi+1, we have x; 11 = x; — ¢; being uniquely determined.

4. _h;,i+l;R(0) < Z’Fl f]f(xj) < 0:
This case exists only if h: i+1:8(0) > 0, it is symmetric to case 2. By the dual
feasibility conditions (17), we have A;11; > O0and A; ;41 > — ijl f]/. (xj) > 0.

IfA;iv1 > h; iv1:8(0), then A;11; > 0. Same as Case 1, it implies that z; j11 =
Zi+1,; = 0. However, this violates the stationarity conditions (15) on z; ; +1 because

R i 1(0) = Mijip1 + Miie1 = Aiig1 > R (0). Therefore we have 0 <
Aiigl < h: i+1-R(O)' Then we consider the stationarity conditions (15) on z; j41:
h;’i+1(zi,i+1) = Aiji+1 + Mii+1. If piiy1 > 0, then by the complementary
slackness conditions (18), we have z; ;11 = 0.If u; ;41 = 0, then hg,H.l(Zi,iH) =
Aiiy1 < h; i+1'R(O)’ which still implies that z; ;11 = 0 by the strict convexity
of h; ;1. In either case, by the complementary slackness conditions (18) with
Aii+1 > 0, we have x;; is uniquely determined by the equation x; 11 = x; —
Ziji+l — Ci = Xi —Ci.
1 .
5. Zj:l fj"().cj) < —h;,ilH;R(O) <0: . o

This case is symmetric to Case 1. Following the same reasoning in Case 1, we
can show that A; ;41 = —Z’jzl fjf(xj) > h;,i+1;R(0) > 0and A;q1; = 0. As
a result, we have z;1; > 0, thus u; ;+1 = 0 by the complementary slackness
conditions (18). And since h; ;4+1(z; ;+1) is a strictly convex function, z; ;41 is
uniquely determined by

i
ziitt = @hiip) ™ Qiip) = @hii) ™ | =D £1(x))
j=1

Since A; j4+1 > 0, by the complementary slackness conditions (18), we have x; 4
is uniquely determined by the equation x;+1 = X; — 2Z; j+1 — Ci.

This completes the proof for the case of i + 1. O
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Lemma 3 implies that, given a value of xi, the values of x to x, are uniquely
determined by the following iterative equations:

Xiv1 =Xi+zi—¢i, i=1,....,n—1 (20)
where
@hig1,) ™ 2oy £ 0, it Yy £ ) > By g (O),
zi =10, if =51 @ = X5y f7) < hiyy 0,

~@hi i)™ X Feg. A i) < =h g O).
21

Based on the convexity of functions f;(x;), h; j4+1(zii+1), and hjy1;(zi41.i), We
have the following monotonicity property for any two sequences of xy, ..., x, gener-
ated by Egs. (20) and (21):

Corollary 4 (Monotonicity property) Let x{l) < x{z) be any two given values of vari-

able x|. Let (xl(l), xél), e, x,(,l)) and (xl(z), xéz), R x,§2>) be the respective sequence

of x values determined by the value of x1 and Egs. (20) and (21). Then we have

M - xi(z)foralli =1,...,n.

Xi

Proof The proof is by inductiononi (i = 1,...,n). Fori = 1, the values of xl(l) and

xfz) are given and satisfy xl(l) < xl(z). Suppose xj(.l) < x? for all j=1,...,ifor

somei (1 <i <n—1), we show that x,.(}r)l < x,.(i)l.

Due to the convexity of /; ;41 and h; 11 ,;, Eq. (21) implies that z; is a nondecreasing

function of 23:1 f j’ (xj). On the other hand, since all f; (j =1, ..., i) functions are
convex, by the induction hypothesis, we have f /’ (xj.l) )y f J’ (xj.z) Yfor j =1,...,i.
Hence Zl/:l fjf(xﬁ.l)) < 23:1 i (x]@). As a result, we have zgl) < zl@. Since we
ha;/e xl.(l)2 < xim by 2the induction hypothesis, we have xl.(Jlr)l = xl.(l) + z?l) —c <
xl-()+z§)—ci=xl-(+)l. O

The only equation in the KKT optimality conditions that a given sequence of
X1, ..., X, determined by Eqgs. (20) and (21) may violate is the last stationarity con-
dition (14) for x,. This is because x,, A,—1,, and X, ,—1 are determined in the step
of computing x, from x,_1, based on the equation Z';;{ f]f (xj) = Ann—1 = An—1,n
however, the generated values of x,, A,—1 , and A, ,—1 do not necessarily satisfy the
last stationarity condition for x,, f;(x4) — An—1.n + An.n—1 = 0. On the other hand,
we observe that if we sum up all the stationarity conditions (14) for the x variables,
we have:

Y flah=o. (22)
i=1
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The equation for x,, in the stationarity conditions (14) can be equivalently replaced by
Eq. (22). Hence a sequence of x1, . . ., x,, determined by Egs. (20) and (21) satisfy the
KKT optimality conditions if and only if Eq. (22) also holds.

The above analysis implies a binary search algorithm to solve the KKT optimality
conditions. In every iteration, we try a value of x|, and compute the values of x, to x,,
based on Egs. (20) and (21). Then we check whether Eq. (22) holds for the generated
sequence of xp, ..., x,. If yes, then the generated sequence of x, ..., x, satisfies the
KKT optimality conditions, thus it is an optimal solution to 1D-Denoise. Otherwise, we
determine the next value of x| to try based on the sign of Y _"_, f{(x;) of the currently
generated sequence of xp, ..., x,: If Z?:l fi’ (xi) > 0, we try a smaller value of xy; If
> izi f{(xi) < 0, we try alarger value of x1. The binary search efficiently determines
the optimal value of xj, so are the optimal values of x; to x, by Eqs. (20) and (21).
The complete dsc-algorithm is presented in Box 1.

dsc-algorithm for 1D-Denoise of convex differentiable fidelity functions and
strictly convex regularization functions:

Step 0: Solve ¢; := argmin_,; -, <pyhi(z;) fori = 1,...,n — 1. Initialize the
lower and upper bounds of the search region for x| as/ := —U and u := U
respectively.

Step 1: Set x| := HT” Compute the values of x», ..., x, based on iterative

equations (20) and (21):
Xit1 :=Xi+zi—¢ci, i=1,....,n—1
where

@hisr) ™ oy [ )i Yoy f1@) > hiyy 2 (0),
zi =40, if — h;’i_,_];R(O-) = Z.ljzl f]/(x]) Slh;-ﬁ—l,i;R(O)’
—@hi i) (= Xy 1), i Xy f1()) < =R 1.5 (0),

Step2: Ifu — [ < €or Z;l:l fl.’(xi) = 0, return (xq, X2, ..., X,) and stop.
Step 3:If 7', f/(x;) <0, set := x;; otherwise set u := x;. Go to Step 1.

AlgoBox 1: dsc-algorithm for 1D-Denoise of convex differentiable fidelity functions
and strictly convex regularization functions.

The number of different x; values we need to check in the algorithm is O (log %).
For each x| value fixed, the complexity to compute the values of x3, . . ., x,, by Egs. (20)
and (21) is O(nlog %), where the O (log %) term corresponds to the complexity of
computing subgradient-to-argument inverse of s;11; or h; ;41 functions to compute
z;. Hence the complexity of the Step 1 to Step 3 is O (n log? %). At Step 0, it takes
O (nlog %) time to compute the e-accurate ¢; values for all regularization functions
{hi(zi)}i=1,...n—1. Thus we have:

Theorem 5 The ID-Denoise problem of convex differentiable fidelity functions and
strictly convex regularization functions is solved in O (nlog? %) time.
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Note that if the regularization functions k; are quadratic (¢7), then the complexity
of subgradient-to-argument inverse is O (1), thus the dsc-algorithm can be sped-up to
O(nlog %) complexity.

Remark 6 One may ask if transforming the unconstrained optimization form of 1D-
Denoise (1) to a more complicated constrained optimization form (13) is necessary.
Actually, the KKT conditions, as shown in the following, with respect to the original
formulation (1) are much simpler:

0 € f{(x1) +dhi(x; — x2),
0€ f{(xi) = dhi—1(xi—1 —x;) + dh;i (x; — xiy1), i =2,...,n—1
0e fy;(xn) — 0hy—1(Xp—1 — x).

However, we argue that the above simpler form of KKT conditions are not sufficient
to provide a rigorous proof to the unique value propagation result (Lemma 3) for
the differentiable-strictly-convex class. For a fixed value of xj, since A is strictly
convex, we can change the O-inclusion formula 0 € f{(x1) + dh1(x; — x2) to O-
equation 0 = fl’ (x1) + 0h1(x1 — x2), and thus uniquely determine the value of x, as
X3 =x1 — (8hp)"! (—fl’ (x1)). However, even x| and x, are fixed, the subdifferential
of hy at x; — x2, dh1(x] — x2), may be a set containing more than one subgradient.
As aresult, the value of x3 can not be uniquely determined by the 0-inclusion formula
0e fz’(xz) — dh1(x1 — x2) + dha(x2 — x3), nor does it help even if we add the two
O-inclusion formulas regarding f{(x1) and f;(x2) because the subdifferential of 1 at
X1 — X2, dh1(x] — x2), may not be able to cancel each other in the two formulas.

For the general convex-convex class, however, as we shall show in the next section,
we can follow the simplified KKT conditions to present our algorithm in a concise
way.

5 KKT approach for convex-convex class: cc-algorithm

We extend the ideas developed from the dsc-algorithm to solve 1 D-Denoise of arbitrary
convex fidelity and regularization functions, leading to the cc-algorithm.

The impact of removing the differentiability and strict convexity assumptions
are two-fold: the non-differentiability of f;(x;) implies that a given x; value cor-
responds to a non-singleton subdifferential d f; (x;) = [ fl’ 1 (x), fl’ & (xi)], instead
of a unique derivative f’(x;) in the differentiable case; the non-strict convex-
ity of h; ;41 (and h;41;) implies that a subgradient value g can be inversely
mapped to a non-singleton interval of arguments [(Bhi,i“)zl(g), (8h,~,,~+1)El(g)]
(and [(hi+1.)7 " (). Bhit1.)%' (8)]). instead of a unique z argument (dh; i4+1) ' (g)
(and (E)h,-_H,i)_1 (g)) in the strictly convex case. Both observations imply that, based
on the KKT optimality conditions, a given value of x| does not uniquely determine
the other variables x3, .. ., x, to values, but to ranges.

For this general convex-convex class, instead of working on the KKT conditions of
the reformulation (13), we directly solve the KKT conditions of the original uncon-
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strained formulation (1) of the 1D-Denoise problem, shown as follows:

0 € fl(x1) + dhi(x1 — x2),
0€ fi(xi) = dhi—1(xi—1 —x;) + 0hi (x; — xj41), i =2,...,n—1 (23)
0e fy;(xn) — 0hp—1(xp—1 — xp).

We first have the following range propagation result which can be viewed as an
extension of the propagation lemma in the dsc-algorithm.

Lemma 7 (Extended Propagation Lemma) Given any value of x1, the KKT optimality
conditions (23) uniquely determine the ranges of other variables x;, . . ., X,. Specifi-
cally, let [lxks.i, ukkr.i] be the range of variable x;, we have:

Like,1 = Ukke,1 = X1,

I gt = likei = Oh) g (= X521 £ Ukke, )
Ukkr,it1 = ke — @R (= Y I} r ik ),

24
1'()

)

Proof We proof the lemma by induction on i. Together with proving Eq. (24), we
prove the following series of inequalities:

i i
Ohi(xi —xipD) € | = flopGuge ) = O flopGke ) |- i=1.....n— 1.
j=1 j=1
(25)
Let’s first prove Eq. (24) and inequality (25) hold for i = 1. In order to make the

first O-inclusion formula, 0 € f{(x1)+ 9k (x; —x2), in the KKT conditions (23) hold,
we have:

1 (x1 — x2) € [=fl. g (x1), = f1.p 0D S [=f1. g (ke 1) —f1. 1 Ucke. 1]
Hence inequality (25) holds for i = 1. Further, due to the convexity of &1, we have
w2 € 1= @nR (<AL Gakr,0) 51 = @rO L (= ff, g Guigr,) |
< [tk = @hDR! (= Gakr, D) st = @hOL (=], ki 1)) ]
Therefore Eq. (24) holds fori = 1.
The induction from i — 1 to i is straightforward by leveraging the ith 0-inclusion

formula, 0 € fi’(x,-) — dhi—1(xj—1 — xi) + 0hi(x; — x;j+1), in the KKT conditions
(23). By the induction hypothesis on inequality (25) on i — 1, we have:

i1 i1
Ohi1(xic1 —xi) € | = ff. ke ) = D ff.p Uk )

j=1 =1
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As a result, according to the ith O-inclusion formula, we have
dhi(x; — xit1) € [0hi—1(xi) — x;) — fi rWikei)s Ohi—1 (xi—1 — x;) — f,'/;L(lkkt,i)]

c |- Z Ihr Wkke, )5 — Z Fhon Uike )

j=1 j=1
Hence inequality (25) holds for i. Further, due to the convexity of /;, we have

Xit1 € [x,- — @h)g! (— > f],-;L(lkkt,j)) X — @), (— > f;;kak,,,,'))}

j=1 j=1

< {zkk,,i — @h)g' (— > fj/‘;L(lkkt,j)) ki = ) ! (— Y fr Gk, ,-))} :

j=1 j=1
Therefore Eq. (24) holds for i as well. O
Similar to the analysis of the dsc-algorithm, the last O-inclusion formula yet to

satisfy is the nth one: 0 € f, (x,) — dhy—1(x,—1 — x,). By the proof in Lemma 7, we
have inequality (25) holds for n — 1:

n—1 n—1
Ohp1(Xxp—1 —xp) € | — Z Fhorakke, )5 — Z fl/';L(lkkt,j)

Jj=1 Jj=1
Hence

n—1 n—1
FaGin) = 0hy_1 (¥y—1 — xn) € [f,;(xn) + ) Frn ke ) Sy Con) + ) . g Gtk ,-)}

J=1 j=1

c {Z Fin ke ) Y f;;Rmk,,,-)} :
j=1

j=1

Therefore, to check whether the last 0-inclusion formula holds, it is equivalent to check
whether

n n
0€ | D Flp ke Y florge) | - (26)
j=1 j=1
If inequality (26) holds, then we conclude that the given value of x; is an opti-

mal value of x;. Otherwise, similar to Corollary 4 for the dsc-algorithm, thanks to
convexity, we have the following extended monotonicity property.
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Corollary 8 (Extended Monotonicity Property) Letx(l) < xlz) be any two given values
of variable x1. Let

(1 (1 OB (1) (1
<[lkktl’ Ui, 1) Uk 2 W 21 - [lkktn’ukktn]>’

2 @ @ O 2 (2
([lkkt 1° kkt 1] [lkkt,z’ kkt, 2] [lkkz no Ykke n]) ’
be the respective sequence of ranges ofx, values determined by x| D ana x}z) according
to Eq. (24). Then we have, for alli = 1,
(1 (2)
ek < T i 27
(1 2
Wiker,i = Ukke,i» (28)

Proof The proof is by a straightforward induction on i. We prove for inequalities (27).

Inequalities (28) are proved in a similar way

The inequality is true for i = 1 because lkkz | = xfl) < xfz) llgkz |- Suppose the

resultis true forall j = 1,...,i forsomei (1 <i <n — 1). We prove that it is also
true for i + 1. By the induction hypothesis and the convexity of functions f;, we have

i
(1) 2)
ij{;L(lkkt /) —= ij L(lkkt Jj
Jj=1

Then by the convexity of function %;, we have

i
_ 1 - 2
—(@hi)g! Zf] L) | = @R [ = D0 fn i )
j=1
Therefore,

(1 (1 -1 1)
lkkz i+1 = lkktz (Ohi) g Zf 2 e, ) J

2) -1 (2) 2)
lkkt: (Ohi) g ij L e ) g = lkkt i+l

]

Combining Lemma 7 and Corollary 8 gives a binary search algorithm to find an
optimal value of x;. In every step, we try a value of x| and compute the endpoints of
the ranges [lkks,i, ukks,i] fori = 1,..., n based on Eq. (24). Then we compute the
two quantities » ;_, ft.p Ukke i) and Y I g ke i) 1 I fropUkke,i) < 0 <
Z?:l l.’; g (Ukks,i), then the current value of x; is optimal to 1D-Denoise. Otherwise,
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if Yy, fi’;R(ukk,,,') < 0, we check a larger value of xy, orif Y ;_, fl/;L(lkk,,i) > 0,
we check a smaller value of xj. The binary search efficiently determines an optimal
value of x1, in time complexity of O (n log? %), where one O (log %) term indicates
the number of iterations in the binary search, and the other O (log %) term indicates the
complexity of subgradient-to-argument inverse on regularization functions. After x|
is found, we plug itinto 1D-Denoise (1) to reduce the problem from n variables ton — 1
variables of the same form. In the reduced 1D-Denoise problem, fi(x}) is removed
since it is a constant, and the deviation function of x; becomes f3(x2) + hy(x] — x2).
Thus we can repeat the above process to find an optimal solution of x2, x3. As a result,
it requires n iterations to solve an optimal solution (xf, ..., xy) for 1D-Denoise. In
the ith iteration, xl.* is solved and the problem 1D-Denoise (1) is reduced to a smaller
problem, of the same form, with one less variable.

We first present a subroutine in Box 2 that solves an optimal value of x; on the

reduced 1D-Denoise problem of n —i 41 variables, x;, x;11, . . ., x,, with fidelity func-
tions fi(x;), ..., fn(xn), and regularization functions h; (x; —X;i+1), ..., Bp—1(Xp—1—
x,,). The values of xq, ..., x;_1 are assumed fixed.

x7 := SOLVE_REDUCED_1D-Denoise({ f;, ..., fu}, thi, ..., hu—1})
Step 0: If i = n, solve x,; := argmin, ._; -, -y fa(xn) to €-accuracy by binary
search and return. Otherwise initialize the lower and upper bounds of the search

region for x; as/ := —U and u := U respectively.
Step 1: Set x; = HT” Set lkksi = ukkri = x;. Compute the intervals
(kke,j+15 Ukke, j+1] for j =i, ..., n — 1 based on the following equations:

Leke, j+1 = like,j + 251
Ukkt,j+1 = Ukkt,j + Zj;R»

where

2w = —@h g (= Loy 1,1 Gae))

» 29)
2jir = —@h); (= X 1 ase))

Step 2: If u — [ < € or Z;f:i f;.L(lkkt,j) <0< Z;f:i f]f,R(ukk,,j), return
x7 := x; and stop.
ftep 3. If Z'}-:i f;;R(ukkt’j) < 0, set ] := x;; otherwise set u := x;. Go to Step

AlgoBox 2: Subroutine to solve a reduced 1D-Denoise problem of variables
Xis Xidlsoves Xn.
With the above subroutine, the complete cc-algorithm is in Box 3.

@ Springer



A unified approach for a 1D generalized total variation...

cc-algorithm for 1D-Denoise of arbitrary convex fidelity and regularization
functions:

Step 0: Seti := 1.

Step 1: x;* := SOLVE_REDUCED_1D-Denoise({ f;, fi+1, .-, fu}s

(his higts s hut)).

Step 2: Set fiy1(xi+1) = fit1(Xit1) +hi(x] — xj41), 0 =i + 1.

Step 3: If i < n, go to Step 1. Otherwise, return (xj, x5, ..., x;) and stop.

AlgoBox 3: cc-algorithm for 1D-Denoise of arbitrary convex fidelity and regulariza-
tion functions.
The complexity of subroutine SOLVE_REDUCED_1D-Denoise is O (n log? %),

hence the total complexity of the cc-algorithm is O (n? log? %). Therefore,

Theorem 9 The 1D-Denoise problem of arbitrary convex fidelity and regularization
functions is solved in O (n*log? %) time.

Note that if the regularization functions /; are quadratic (¢,) or piecewise linear with
few pieces, including absolute value (¢1) functions, then the complexity of subgradient-
to-argument inverse is O (1). As aresult, the cc-algorithm can save an O (log %) factor,

with complexity speed-up to O (n* log %).

6 A numerically improved implementation

In this section, we will present a numerically improved implementation of the
KKT approach that combines the advantages of both the dsc-algorithm and the cc-
algorithm. In addition, for special cases of £>-TV-unweighted, £>-TV-weighted and
1D-Laplacian, we specialize the numerically improved implementation to make it
empirically faster.

While the dsc-algorithm is of attractive complexity O (nlog? %), in practice it
suffers from numerical instability. This is because the algorithm sums the derivatives
of f{(x1) to f, (x,), where the numerical errors resulting from the calculation of each
derivative accumulate. In contrast, the cc-algorithm, of complexity O (n?log? %),
does not suffer from numerical instability because it repeats the binary search for
every variable x;, at the expense of an additional O (n) complexity factor.

On the other hand, however, in the cc-algorithm, at every propagation, two
sequences of quantities, (lkks, ;) j and (ugk;, ;) j are computed, which incurs two times
the computation over the propagation in the dsc-algorithm.

As a result, we propose a numerical implementation that combines the advantages
of both the dsc-algorithm and the cc-algorithm: We repeat the binary search for every
variable x;, while in every propagation, we only compute one sequence of quantities
— for the convex-convex class, we only compute the upper bounds (. ;) j (one may
as well compute only the lower bounds (/xx/, ;) ;). This implies the following changes
to SOLVE_REDUCED_1D_Denoise in Box 2: In Step 1, the computations on (z;,7);
and (lkxs, ;) j are saved; In Step 2, the stopping criterion is left with only u — 1 < €. It’s
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easy to verify that these changes do not affect the correctness of the subroutine. The
trade-off is that we save the computation in Step 1, while pay for the potential cost
of more iterations because we remove one stopping criterion in Step 2. There is one
more earning with these changes, though, that is we have one succinct code to cover
both the differentiable-strictly-convex class and the general convex-convex class.

Besides, to eliminate redundant computation, we conduct a “bound check™ as fol-
lows: A lower bound and an upper bound of the optimal solution of each variable x; are
maintained. The lower bounds are all initialized to —U, and the upper bounds are all
initialized to U, for all variables x;. The bounds are dynamically updated through the
propagation computations. And during each propagation, we check if each propagated
value x; violates its latest bounds — if violation happens, the current propagation stops
(saving the remaining propagation computation on variables after x;) and the bounds
of some variables are updated. Meanwhile, the type of violation guides the next trial
value to propagate.

The pseudo-code of the numerically improved implementation, named as the KK7-
algorithm, is presented in Box 4.

KKT-algorithm for 1D-Denoise problem:
input: {fi}i—1,..n. {hi}i=1,..n-1, U, €.
output: {xl?k}izl n» optimal solution to 1D-Denoise.
begin
Initialize lower bound /; := —U and upper bound u; := U of x; for
i=1,...,n.
fori:=1,...,n:

.....

{Solve x;"}
Set fi(xi) := fi(xi) + hi—1(x]_; —x;)if i > 1;
Xi = (i +ui)/2;

state := propagate({ fj}j=i...n. {hj}tj=i ..n—1, xi, {lj, uj}j=i_..n)3
while (u; — [; > ¢) do:
if state = O then
{Z’}:i f]f(xj) = 0, optimal x; found}
break;
else if srate < O then
{Try larger x; }

li = Xi,
else {srate > 0, try smaller x; }
u ‘== Xj,
end if
xi =i +ui)/2;
state:=propagate({ fj}j=i,..n, {hj}j=i,..n—1, Xis {lj, uj}tj=i,..n);
end while
X! =x;;
end for
return {xf}i_1....x}

end
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AlgoBox 4: KKT-algorithm for 1D-Denoise problem. This numerical implementation
applies to both the differentiable-strictly-convex class and the general convex-convex
class. The pseudo-code of the subroutine propagate is shown in Box 5.

state := propagate({ f;}j=i,..n. hj}j=i,...n—1, Xis {j, uj} j=i,..n)
begin
Compute [/ := l.” r(xi);
for j:=i,...,n—1:
Compute zj. g from f” according to equation (29);
Xj1 =X+ ZjRs
ifxj11 </j41 then
{ Violate lower bound }
{Update lower bounds of x; to x; }
lp :=xp,for p €[i,jl;
return —1;
end if
ifxj;1 > ujq then
{ Violate upper bound }
{Update upper bounds of x; to x; }
u, :=xp, for p € [i, j;
return 1;
end if
Compute £/, |, (xj+1);
=4 i r (s
end for
if f/ = 0 then
return 0;
else if f’ < 0 then
{Update lower bounds of x; to x;, }
lp :=xp, for p € [i,n];
return —1;
else { f > 0}
{ Update upper bounds of x; to x,, }
up = xp, for p € [i,n];
return 1;
end if
end

AlgoBox 5: Pseudo-code of subroutine propagate for the KKT-algorithm displayed
in Box 4. The subroutine returns a state indicating the direction to try next x; value.
Values of the bounds, {/;, u;};=; .. ., will be updated.
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7 Experimental study

We implement in C++ the KKT-algorithm in Box 4 and compare our implementation
with existing solvers for the special cases of 1D-Denoise problem (1) discussed in
Sect. 1.1. For £>-TV-unweighted problem (3), ¢>-TV-weighted problem (4), £;-TV
problem (5) and ¢,-Tikhonov problem (6), we compared our implementation with
efficient specialized C++ solvers [2,4,5,14,16] and the experimental results showed
that our algorithm is not advantageous. For £,—£{, problem (7) and problems with
Huber objective functions (9), the work of [21] does not provide C++ implementation
of their algorithm, nor are we aware of other publicly available specialized C++ solvers
for these classes of problems. As aresult, we compare our implementation with popular
C++ nonlinear optimization solver softwares in solving the £,—{, problem (7) and
two problems with Huber objective functions. Those solvers solve the three problems
using first-order methods, where we feed in objective values and gradient values of the
problems to the solvers. We find out that our solver is much faster than the nonlinear
optimization solvers in solving the three problems.

The two problems with Huber objective functions we compare in the experiment
are:

n n—1

(Huber-TV) min 3 eipi (i = ai) + Y ciipxi = Xig - (30)
i=1 i=1
1 n n—1

(£2-Huber) Mmlrkn 3 21: ci(xj —ap)? + zci,i+lpk“+1 (xi — Xi+1). 31
1= 1=

Huber-TV problem (30) has Huber functions in the fidelity terms and £,>-Huber prob-
lem (31) has Huber functions in the regularization terms.

We compare the KKT-algorithm with the following three popular C++ nonlinear
optimization solvers:

1. Ceres solver?: This solver is provided by Google and has been used in production
at Google since 2010. It is a popular optimization solver for robotics and other
areas in industry. It provides API for modeling and solving general unconstrained
minimization problems, which suits for our cases here.

2. NLopt solver®: This solver is an open source library for nonlinear optimization
that provides many different algorithms and low-level code optimization.

3. dlib solver*: This solver is an open source library for machine learning algorithms
and tools. It contains general purpose unconstrained nonlinear optimization algo-
rithms that are suitable for our cases here.

The three solvers provide different first-order algorithms to solve unconstrained non-
linear optimization problems, which require the objective value and gradient value
of a problem to be fed in. For each of the three solvers, we ran multiple different

2 https://ceres-solver.googlesource.com/ceres-solver.
3 https://github.com/stevengj/nlopt.
4 https://github.com/davisking/dlib.
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first-order methods they provide and recorded each method’s running time and out-
put objective value upon the method stops. These records provide a range of running
times and objective values for each solver. We compare the running times and objective
values output from the KKT-algorithm with those ranges of each solver respectively.
For objective value comparison, rather than reporting the raw objective values, we
report the relative objective value gap, which uses the objective value of the compared
solver minus the objective value of the KKT-algorithm, then divided by the objective
value of the KKT-algorithm. For the three problems considered here, as the objective
values are always positive, hence a positive relative objective value gap implies that
the KKT-algorithm gives a better solution upon stopping, while a negative relative
objective value gap implies that, upon the algorithms stop, the nonlinear optimization
solver that we compare to gives a better solution.

In nonlinear optimization, stopping criteria need to be specified for each numerical
algorithm, including ours. The stopping criteria of the KKT-algorithm and the three
solvers are set as follows:

1. KKT-algorithm: The stopping criterion is that the gap between the lower bound ¢;
and u; for each variable x; is less than € = 107° (See the algorithm pseudo-code
in Box 4).

2. Ceres solver: The stopping criteria are that either (i) the maximum difference

between two consecutive solution vectors is less than 107, or (i1) a running time

limit of 5 minutes, whichever reaches first.

NLopt solver: Same as Ceres solver.

4. dlib solver: dlib solver does not provide the above two stopping criteria. Instead, it
provides the objective value change stopping criterion: we set that if in successive
iterations, the objective value change is less than 1072, the algorithm stops and
output results.

W

In all the three problems studied, each value of ¢; and ¢; ;41 is sampled uniformly
from (0, 1), each value of a@; is sampled uniformly from (—1, 1). For Huber-TV prob-
lem (30), each k; value is determined as k; = b;|a;|, where coefficient b; is sampled
uniformly from (0.5, 1.0). Similarly, for £>-Huber problem (31), each k; ;11 value is
determined ask; j+1 = b; j+1|a; —ai+1|, where coefficient b; ;41 is sampled uniformly
from (0.5, 1.0) as well.

We run the experiment on a MacBook Pro laptop with Intel Core 17 2.2 GHz
processor. For each of the three problems, we run the KKT-algorithm and the three
solvers with the number of variables, n, increasing from 107 to 107 by a factor of 10.
For each n, we randomly generate 5 problem instances following the above parameter
generation scheme, and record the running times and output objective values upon
stopping, for the KKT-algorithm and the three solvers respectively. We find out that in
each run, the KKT-algorithm always gives a smaller objective value in a much shorter
time, over all compared methods provided by the three solvers. In the following tables,
we report averaged results, including averaged running time of the KKT-algorithm,
averaged range of running times of the three solvers, and averaged range of relative
objective value gaps of the three solvers to the KKT-algorithm. We note that, for all
the problems tested, for the three solvers, the algorithm achieving the shortest running
time and the algorithm achieving the best objective value are often not the same.
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Table 1 Average running time (in cpu seconds) of the KKT-algorithm and the three nonlinear optimization
solvers for £,—£, problem (7) of increasing number of variables, n

Lty (p=g=4) 102 103 104 105 100 107
KKT 0 0.0022 0.029 0.27 2.56 25.60
Ceres

Min 0 0.0072 0.094 1.13 14.25 196.87
Max 0.0012 0.020 0.20 243 21.56 301.91
NLopt

Min 0.0014 0.033 0.47 5.83 64.31 300.40
Max 0.0064 0.35 4.42 17.76 164.31 301.74
dlib

Min 0 0.0020 0.041 0.70 12.60 221.12
Max 0 0.0094 0.19 3.31 64.83 1235.58

For the three solvers, the averaged minimum and maximum running times over each solver’s different
algorithms are reported. All nonzero numbers are rounded to two significant digits after the decimal points

Table2 Average minimum and maximum relative objective value gaps from the three nonlinear optimiza-
tion solvers to the KKT-algorithm for £,—€,4 problem (7) of increasing number of variables, n

Ly (p=q=4) 102 (%) 103 (%) 104 (%) 105 (%) 100 (%) 107 (%)

KKT - - - - - -

Ceres

Min 2.88 0.32 0.0013 0.0023 0.0016 0.00082
Max 2.88 0.32 0.0067 0.0090 0.012 0.0097
NLopt

Min 2.88 0.32 0.00064 0.0016 0.00081 0.0000060
Max 2.88 0.32 0.00064 0.0016 0.00081 0.000064
dlib

Min 5.11 0.82 0.082 0.014 0.0027 0.00029
Max 5.71 0.90 0.12 0.018 0.0030 0.00038

All numbers are rounded to two significant digits after the decimal points. We use “-” in the second row
of the table to denote that the relative objective value gaps are computed against the objective values of the
KKT-algorithm

The experimental results for solving the £,—¢, problem (7) with different solvers
are shown in Table 1 for running times and Table 2 for objective value comparison.

For the £,—{, problem, one can see that all solvers have similar running times for
n = 10%. For n increasing from 103 to 107, the KKT-algorithm is from 3 to 7 times
faster than Ceres and from 10 to 25 times faster than NLopt. For dlib, except for the
case of n = 10, the KKT-algorithm is from 1.4 to 8 times faster. The gaps between
objective values are not significant.

The experimental results for solving the Huber-TV problem (30) with different
solvers are shown in Table 3 for running times and Table 4 for objective value com-
parison.
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Table 3 Average running time (in cpu seconds) of the KKT-algorithm and the three nonlinear optimization
solvers for Huber-TV problem (30) of increasing number of variables, n

Huber-TV 102 103 10* 10° 100 107
KKT 0 0 0.0040 0.050 0.48 478
Ceres

Min 0 0.0024 0.032 0.38 5.05 56.23
Max 0.0066 0.219 3.71 28.75 300.18 302.04
NLopt

Min 0.0012 0.018 0.074 0.71 6.45 60.71
Max 0.68 60.70 180.74 234.20 296.67 301.32
dlib

Min 0 0.012 0.56 8.23 116.06 1551.07
Max 0.0064 0.036 0.65 10.66 218.69 3830.23

For the three solvers, the averaged minimum and maximum running times over each solver’s different
algorithms are reported. All nonzero numbers are rounded to two significant digits after the decimal points

Table 4 Average minimum and maximum relative objective value gaps from the three nonlinear opti-
mization solvers to the KKT-algorithm for Huber-TV problem (30) of increasing number of variables, n

Huber-TV 102 (%) 103 (%) 10% (%) 105 (%) 100 (%) 107 (%)
KKT - - - - - -
Ceres

Min 5.73 2.11 1.17 2.43 2.09 9.40
Max 54.21 39.51 39.08 38.84 38.98 38.98
NLopt

Min 3.03 0.57 0.27 0.78 3.76 11.77
Max 32.60 35.12 44.06 44.15 4447 4443
dlib

Min 27.42 11.13 2.10 1.68 1.59 1.55
Max 36.26 23.97 23.53 23.76 23.92 2391

«

All numbers are rounded to two significant digits after the decimal points. We use in the second row
of the table to denote that the relative objective value gaps are computed against the objective values of the
KKT-algorithm

For the Huber-TV problem (30), the four solvers all have negligible running times
for n = 102. For n = 103, the running time of the KKT-algorithm and the minimum
running time of Ceres remain negligible, but the minimum running times of NLopt and
dlib are several times slower than Ceres. Fromn = 10* ton = 107, the KK T-algorithm
is from 8 to 10 times faster than Ceres, from 12 to 18 times faster than NLopt, and from
160 to 324 times faster than dlib. The relative objective value gaps are overall much
more significant for the Huber-TV problem than for the £,-£{, problem. One reason
might be that the TV regularization terms are not strictly convex and not differentiable
at the point 0. Ceres and NLopt both have the largest relative objective value gaps at
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Table5 Average running time (in cpu seconds) of the KKT-algorithm and the three nonlinear optimization
solvers for £o-Huber problem (31) of increasing number of variables, n

£5-Huber 102 103 104 10° 100 107
KKT 0 0.0012 0.010 0.11 1.01 10.12
Ceres

Min 0 0.0020 0.025 0.30 4.20 50.18
Max 0 0.0056 0.037 0.397 532 60.79
NLopt

Min 0.00040 0.0094 0.19 1.75 24.59 300.38
Max 0.0052 0.032 0.43 6.25 76.17 301.37
dlib

Min 0 0 0.013 0.23 3.57 58.29
Max 0 0.0038 0.068 0.84 12.48 175.75

For the three solvers, the averaged minimum and maximum running times over each solver’s different
algorithms are reported. All nonzero numbers are rounded to two effective digits after the decimal points

Table 6 Average minimum and maximum relative objective value gaps from the three nonlinear optimiza-
tion solvers to the KKT-algorithm for £,-Huber problem (31) of increasing number of variables, n

£5-Huber 102 (%) 103 (%) 104 (%) 105 (%) 100 (%) 107 (%)
KKT - - - - - -

Ceres

Min 1.98 0.047 0.00076 0.00084 0.00043 0.00035
Max 1.98 0.049 0.0016 0.0023 0.0022 0.0017
NLopt

Min 1.98 0.047 0.00051 0.00050 0.000071 0.0000059
Max 1.98 0.047 0.00051 0.00050 0.000071 0.0000074
dlib

Min 2.10 0.072 0.0045 0.0012 0.00018 0.000022
Max 2.20 0.097 0.0082 0.0012 0.00019 0.000024

.

All numbers are rounded to two effective digits after the decimal points. We use in the second row of
the table to denote that the relative objective value gaps are computed against the objective values of the
KKT-algorithm

the case n = 107, while dlib has good relative objective value gap for this large-scale
case. However, dlib has the largest relative objective value gap for the small-scale case
of n = 107,

The experimental results for solving the ¢>-Huber problem (31) with different
solvers are shown in Table 5 for running times and Table 6 for objective value com-
parison.

For the ¢>-Huber problem (31), the four solvers all have negligible running times
forn = 10% and n = 103. From n = 10* to n = 10, the KKT-algorithm is from 2.5
to 5 times faster than Ceres, from 16 to 30 times faster than NLopt, and from 1.3 to
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5.7 times faster than dlib. Similar for the £,—£, problem, the gaps between objective
values are negligible.

8 Conclusion and future directions

In this paper we present two efficient algorithms to solve the 1D-Denoise problem (1)
for different classes of objective functions. Both algorithms follow a unified approach
that directly solves the KKT optimality conditions of the 1D-Denoise problem. For
convex differentiable fidelity functions and strictly convex regularization functions,
our dsc-algorithm has O (n log? %) time complexity; for arbitrary convex fidelity and

regularization functions, our cc-algorithm has O (n”log? %) time complexity. The
numerically improved algorithm, KKT-algorithm, that combines the advantages of
both the dsc-algorithm and the cc-algorithm, is presented and implemented in C++.
For complicated objective functions, such as higher order £, functions of p > 2
and Huber functions, the KKT-algorithm has much better performance over existing
popular nonlinear optimization solvers.

There are many directions that could potentially make use of the results or push
further research based on the ideas presented here. The 1D-Denoise problem consid-
ered here only penalizes the first order differences, x; — x;11. It would be interesting
to study if a similar technique can be applied to solve problems that penalize higher
order differences, such as second order difference x;_; — 2x; + x;4+1, which appears
in some trend filtering applications [15]. On the other hand, it would be interesting
to study if we can use the algorithms here as subroutines to solve higher dimensional
denoising problems, such as 2D denoising problems in imaging [2,16,21]. From a
graph-theoretic perspective, the 1D-Denoise problem is defined on a path graph. It
would be interesting to study whether we can adopt the algorithms here to provide a
faster algorithm to solve problems defined on more general graphs, such as the MRF
problem (2). Inspired by Weinmann et al.’s work in [21] on manifold-valued data, we
are very interested in investigating whether our methods can be generalized from the
Euclidean space to manifolds as well.
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